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In this note, the concept of a linear neighborhood assignment is introduced. By discussing
properties of linear D-spaces, we show that if T is a Suslin tree with FW (or CW) topology,
then T is a Lindelöf D-space. We also show that if X is a countably compact space and
X =⋃{Xn: n ∈ N}, where for any linear neighborhood assignment φn for Xn , there exists a
strong DC-like subspace (or a subparacompact C-scattered closed subspace) Dn of Xn , such
that Xn =⋃{φ(d): d ∈ Dn} for each n ∈ N , then X is a compact space; Every generalized
ordered space is dually discrete. This gives a positive answer to a question of Buzyakova,
Tkachuk and Wilson.
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1. Introduction
The notion of D-space was introduced by van Douwen (cf. [8]). A neighborhood assignment for a space X is a function
φ from X to the topology of the space X , such that x ∈ φ(x) for any x ∈ X . A space X is called a D-space, if for any
neighborhood assignment φ for X there exists a closed discrete subspace D of X , such that X =⋃{φ(d): d ∈ D} (cf. [8]
and [10]). By results of [5] and [6], we know that all semi-stratiﬁable spaces, all metrizable spaces, and all strong Σ-spaces
are D-spaces. In 2006, Gruenhage proved that if X is a countably compact space and X is a ﬁnite union of D-spaces, then
X is a compact space (cf. [14]). Peng proved that if X is a countably compact space and X is the union of a countable family
of D-spaces, then X is a compact space (cf. [19]). Gruenhage and Peng’s methods are just to prove that X is linearly Lindelöf
if X satisﬁes the known conditions. A space X is called linearly Lindelöf if every open cover that is totally ordered by ⊆ has
a countable subcover (cf. [3]).
In this note, we will generalize conclusions that appeared in [19]. Firstly, we give the following deﬁnitions.
A linear neighborhood assignment for a space X is a function φ from X to the topology of the space X , such that x ∈ φ(x)
and for each y ∈ φ(x) the set φ(y) ⊆ φ(x) for any x ∈ X . A space X is called a linear D-space, if for any linear neighborhood
assignment φ for X there exists a closed discrete subspace D of X , such that X = ⋃{φ(d): d ∈ D}. We see that every
D-space is a linear D-space. We will give some comments on linear D-spaces.
We show that if X is a countably compact space and X =⋃{Xn: n ∈ N}, where for any linear neighborhood assignment
φn for Xn , there exists a strong DC-like subspace (or a subparacompact C-scattered closed subspace) Dn of Xn , such that
Xn =⋃{φ(d): d ∈ Dn} for each n ∈ N , then X is compact. The DC-like spaces are discussed in [24] and [25]. We say that
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1868 L.-X. Peng / Topology and its Applications 155 (2008) 1867–1874a subspace Y ⊆ X is a strong DC-like subspace of X , if player one has a winning strategy in G(DC, Y ) such that s(E) ∈ DC and
s(E) is a closed subspace of X for any closed subspace E of subspace Y .
By discussing the properties of the linear D-spaces, we show that if T is a Suslin tree with FW (or CW) topology, then
T is a Lindelöf D-space. The concept of FW (or CW) topology appeared in [4].
There has been much work on D-spaces (cf. [2,12,20]). In [17], van Mill, Tkachuk, and Wilson developed ideas related
to D-spaces by deﬁning for a topological property P , a space X to be dually P if for each neighborhood assignment
φ = {φ(x): x ∈ X}, there is a subspace Y ⊆ X with property P such that X = ⋃{φ(x): x ∈ Y }. This concept was then
further investigated by Alas, Tkachuk, and Wilson in [1]. It was proved that the ordinal ω1 with its interval topology is
dually discrete (cf. [17]). Recall that X is a generalized ordered space (abbreviated GO space) if it is embeddable in a linearly
ordered topological space. In [9] and [12], it was proved that every GO space X is a D-space if and only if X is a paracompact
space. In [7], the authors proved that any GO space of countable extent is dually discrete, and asked whether any GO space
is dually discrete. In the second part of this note, we give a positive answer to the above problem.
All the spaces in this note are assumed to be T1-spaces. The set of all natural numbers is denoted by N and ω is N ∪{0}.
Let Z be the set of all integers. In notation and terminology we will follow [11].
2. Main results
2.1. On linear neighborhood assignments
By the deﬁnition of linear D-spaces, we see that every closed subspace of a linear D-space is a linear D-space. If X
is a linear D-space of countable extent, then X is linearly Lindelöf. Let us recall that a subspace Y of a space X is strong
σ -discrete if Y =⋃{Yn: n ∈ N} and Yn is a closed discrete subspace of X for each n ∈ N .
Theorem 1. Let X be a space. If for any linear neighborhood assignment φ for X , there is a strong σ -discrete subspace D ⊆ X such
that X =⋃{φ(d): d ∈ D}, then X is a linear D-space.
Proof. Let φ be any linear neighborhood assignment on X . Then there exists a strong σ -discrete subspace D ⊆ X such
that X = ⋃{φ(d): d ∈ D}. We let D = ⋃{Dn: n ∈ N}, where Dn is a closed discrete subspace of X for each n ∈ N . Let
D∗1 = D1 and let D∗n = Dn \
⋃{φ(d): d ∈⋃{Dm: m < n}} for each n. We let D∗ =⋃{D∗n: n ∈ N}. Since φ(d1) ⊆
⋃{φ(d):
d ∈⋃{Dm: m < n}} if d1 ∈ Dn ∩ (⋃{φ(d): d ∈⋃{Dm: m < n}}), we have X =⋃{φ(d): d ∈ D∗}. We can easily see that D∗ is
a closed discrete subspace of X . So X is a linear D-space. 
Corollary 2. Every Lindelöf space is a linear D-space.
Theorem 3. Let X be a linear D-space and let B =⋃{B(x): x ∈ X}, where B(x) is a neighborhood base of the point x for each x ∈ X,
such that for any B ∈ B(x) and for any y ∈ B such that⋃B(y) ⊆ B. Then X is a D-space.
Proof. Let φ be any neighborhood assignment of X . For each x ∈ X , there is some Bx ∈ B(x) such that x ∈ Bx ⊆ φ(x). Let
φ1(x) = Bx for each x ∈ X . Thus φ1 = {φ1(x): x ∈ X} is a linear neighborhood assignment on X . So there is a closed discrete
subspace D ⊆ X , such that X =⋃{φ1(x): x ∈ D}. Thus X =⋃{φ(x): x ∈ D} and hence X is a D-space. 
A Suslin tree is a tree with height ω1, without branches of length ω1 and without uncountable antichains (cf. [15]).
The following deﬁnitions appeared in [4]. Let T be a tree. We say that R ⊆ T is a branch if and only if R is a maximal
chain. Given a ∈ T then the point a is a leaf if and only if a is a maximal in T . We use F(T ) to denote the set of all
leaves of T and we use suc(t) for the set of immediate successors of t . For a tree T and t ∈ T , let Vt = {s ∈ T : t  s} and
WF =⋃s∈F V s , where F ⊆ T . The ﬁne wedge (shortly FW) will be the topology on T such that, for every t ∈ T , a local base
at t is
{
Vt \ WF : F ⊆ suc(t) is ﬁnite
}
.
The coarse wedge (shortly CW) will be the topology on T for which, for every t ∈ T , a local base at t is
{
Vt \ WF : F ⊆ suc(t) is ﬁnite
}
if l(t) is a successor ordinal and
{
Vs \ WF : s < t and l(s) is successor and F ⊆ suc(t) is ﬁnite
}
otherwise, where we use l(t) for the ordinal to which {s < t: s ∈ T } is isomorphic.
Proposition 4. (Cf. [4].) If T is a Suslin tree with the CW topology and D ⊆ T is a discrete subspace of T , then D is countable.
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an antichain A ⊆ T \F(T ) such that |A| = |D|.
Proposition 6. If T is a Suslin tree with the FW topology and D ⊆ T \F(T ) is a discrete subspace of T , then D is countable.
Proof. By Proposition 5 we know that |D|ω. So there is some ξ < ω1 such that l(d) < ξ for each d ∈ D . Given a ∈ T , with
l(a) ξ + 1, we have a /∈ D . Thus D is countable. 
Lemma 7. (Cf. [22].) Let X be a space. If φ is a neighborhood assignment on X, then there is a discrete subspace A of X and an
open family {V (x): x ∈ A} of X , such that X = ⋃{φ(x): x ∈ A} and X \ ⋃{V (x): x ∈ A} = A \ A and V (x) ∩ A = {x}, where
x ∈ V (x) ⊆ φ(x) for each x ∈ A.
Theorem 8. If T is a Suslin tree with the FW topology, then T is a Lindelöf D-space.
Proof. Let U be any open cover of T . For any t ∈ T , there is some Ut ∈ U such that t ∈ Ut . Let φ(t) = Ut for each t ∈ T .
Then φ = {φ(t): t ∈ T } is a neighborhood assignment on T . If E = T \ F(T ) then E is a closed subspace of T and E =⋃{E ∩ φ(t): t ∈ E}.
By Lemma 7, there is a discrete subspace A ⊆ E such that E =⋃{φ(t) ∩ E: t ∈ A}. By Proposition 6, we know that A
is countable. The set T \⋃{φ(t): t ∈ A} ⊆ F(T ) is an antichain of T . Thus T \⋃{φ(t): t ∈ A} is countable because T is
a Suslin tree. Thus U has a countable subcover and hence T is Lindelöf. So T is a linear D-space by Corollary 2. For each
t ∈ T , let B(t) = {Vt \ WF : F ⊆ suc(t) is ﬁnite}. Thus B =⋃{B(t): t ∈ T } is a base of T , satisfying the conditions appeared
in Theorem 3. Thus T is a D-space by Theorem 3. 
Theorem 9. If T is a Suslin tree with the CW topology, then T is a Lindelöf D-space.
Proof. By Proposition 4 and Lemma 7, we know that T is a Lindelöf space. Let φ = {φ(t): t ∈ T } be any neighborhood
assignment on T . For any t ∈ T , we may assume that φ(t) = Vt′ \ WF , where t′ = t if l(t) is a successor ordinal, and t′ < t
and l(t′) is a successor ordinal otherwise and ﬁnite F ⊂ suc(t). Let x, y ∈ T and x 	= y. Then φ(x) ⊆ φ(y) or φ(y) ⊆ φ(x) if
φ(x) ∩ φ(y) 	= ∅. For any x ∈ T , let ax be the smallest element of φ(x). Thus ay  ax if φ(x) ⊆ φ(y). For any x ∈ T , suppose
there is a sequence {xn: n ∈ N} of pairwise distinct points, such that φ(x) ⊆ φ(xn) ⊆ φ(xn+1) for each n ∈ N . Then we have
axn+1  axn  ax for each n ∈ N . Thus there is some i ∈ N such that axi  axn for each n ∈ ω, where x0 = x. Thus φ(xn) ⊆ φ(xi)
for each n ∈ ω.
Since T is a Lindelöf space, there is a countable subset D ⊆ T such that T =⋃{φ(d): d ∈ D}. Let D = {xi: i ∈ N}. For
each i ∈ N , let mi0 = i, mij+1 = min{n: n ∈ N and n 	= mij such that φ(xmij ) ⊆ φ(xn)}. Thus we get a sequence {xmij : j ∈ ω}
of points of T , where mij ∈ ω such that xmi0 = xi and φ(xmij ) ⊆ φ(xmij+1 ) for each j ∈ ω. Thus there is some ji ∈ ω such
that φ(xmij
) ⊆ φ(xmiji ) for each j ∈ ω. So for each n ∈ N \ {m
i
ji
: i ∈ N} and for each i ∈ N , we have φ(xn) ∩ φ(xmiji ) = ∅ or
φ(xn) ⊆ φ(xmiji ).
If D∗ = {xmiji : i ∈ N} = {yi: i ∈ N} then T =
⋃{φ(yi): i ∈ N}. For each j ∈ N and k ∈ N , we have φ(yk) = φ(y j) or
φ(yk) ∩ φ(y j) = ∅. Let z1 = y1, we assume that we have zk for each k  m. Let km = min{ j: j ∈ N such that φ(y j) 	⊆⋃{φ(yi): i m} and let zm+1 = ykm . So {φ(zm): m ∈ N} is a pairwise disjoint open cover of T . Thus T =
⋃{φ(zm): m ∈ N}
and D = {zm: m ∈ N} is a discrete closed subspace of T . So T is a Lindelöf D-space. 
In what follows we will discuss some other properties of linear D-spaces and related conclusions.
The class of DC-like spaces is deﬁned using a topological game introduced by Galvin. Galvin begins with any closed-
hereditary class K of spaces, i.e. any class of spaces such that if X ∈ K then 2X ⊆ K, where 2X denotes the collection of all
closed subspaces of the space X . Let C be the class of all compact spaces and let DC be the class of all discrete unions of
compact spaces.
The following deﬁnitions of G(K, X) and K-like spaces appeared in [24] and [25].
A sequence (F0, E1, F1, E2, F2, . . .) of closed sets in X is a play of G(K, X) if F0 = X and for each n ∈ ω:
(1) En is the choice of player one,
(2) Fn is the choice of player two,
(3) En ∈ K,
(4) En+1 ⊆ Fn ,
(5) Fn+1 ⊆ Fn ,
(6) En ∩ Fn = ∅.
Player one wins this play if
⋂{Fn: n ∈ ω} = ∅.
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satisfy the above conditions (1)–(6) for each 1  i  n and F0 = X . A function s is said to be a strategy for player one in
G(K, X) if the domain of s consists of all the ﬁnite sequence (F0, F1, . . . , Fn) of closed sets in X such that F0 = X and
(E1, F1, . . . , En, Fn) is admissible for G(K, X), where Ei = s(F0, . . . , Fi−1) ∈ 2X ∩ K, and contained in Fi−1 for each 1 i  n.
A strategy s of player one in G(K, X) is said to be winning if it wins each play (F0, E1, F1, E2, F2, . . .), such that En =
s(F0, E1, F1, . . . , Fn−1) for each n ∈ N , where F0 = X and (F0, F1, . . . , Fn−1, En) is admissible for G(K, X). A space X is called
a K-like space, if player one has a winning strategy in G(K, X).
The following deﬁnition appeared in [25].
A function s from 2X into 2X ∩ K is a stationary winning strategy for player one in G(K, X) if and only if it satisﬁes
(i) s(F ) ⊆ F for each F ∈ 2X , and
(ii) if a decreasing sequence {Fn: n  1} ⊆ 2X satisﬁes the conditions s(X) ∩ F1 = ∅ and s(Fn) ∩ Fn+1 = ∅ for each n  1,
then
⋂{Fn: n 1} = ∅.
In [13], Galvin and Telgársky proved that player one has a winning strategy in G(K, X) if and only if it has a stationary
winning strategy. So a space X is a K-like space if and only if player one has a stationary winning strategy in G(K, X).
In this note, a deﬁnition of strong DC-like subspace of a space X will be used. Let X be a space and let Y be a subspace
of X , we say that Y is a strong DC-like subspace of a space X if player one has a winning strategy s in G(DC, Y ) such that
s(F ) ∈ DC and s(F ) is a closed subspace of X for any closed subspace F of subspace Y . For example, if Y is a closed subspace
of X and Y is DC-like then Y is a strong DC-like subspace of X .
We do not know whether a ﬁnite union of D-spaces are D-spaces. But there has been much work on the union of
D-spaces. In 2006, Gruenhage proved that if X is a countably compact space and X is a ﬁnite union of D-spaces, then
X is a compact space (cf. [14]). Peng proved that if X is a countably compact space and X is the union of a countable
family of D-spaces, then X is a compact space (cf. [19]). To generalize the above conclusions, we will ﬁrst give the following
deﬁnitions.
A space X is a linear SDCL-space, if for any linear neighborhood assignment φ for X , there is a strong DC-like subspace D
of X such that X =⋃{φ(d): d ∈ D}. A space X is a SDCL-space, if for any neighborhood assignment φ for X , there is a strong
DC-like subspace D of X such that X =⋃{φ(d): d ∈ D}. So every SDCL-space is a linear SDCL-space. Every linear D-space
is also a linear SDCL-space. We can easily see that every closed subspace of a linear SDCL-space is a linear SDCL-space. The
following Theorem 12 deals with linear SDCL-spaces.
Lemma10. Let X be a space, Y ⊆ X and letF be a locally ﬁnite family of subsets of Y and A = {x: x ∈ X and F is not locally ﬁnite at x}.
Then A is a closed subset of X and A ∩ Y = ∅.
The proof of Lemma 10 is similar to the proof of Lemma 1 from [20].
Lemma 11. (Cf. [14].) A space X is linearly Lindelöf if and only if whenever U is an open cover of X of cardinality κ and U has no
subcover of cardinality < κ , then cf (κ)ω.
Theorem 12. Suppose X = ⋃{Xn: n ∈ N} is a countably compact space and Xn is a linear SDCL-space for each n ∈ N, then X is
compact.
Proof. Since X is countably compact, we only need to prove that X is linearly Lindelöf. Suppose by way of contradiction
that X is not linearly Lindelöf. Then by Lemma 11, there is an open cover U = {Uα: α < κ} of some cardinality κ with
cf (κ) > ω and such that U has no subcover of cardinality < κ . We may assume that cf (κ) = κ .
For each x ∈ X , let αx be least such that x ∈ Uαx and consider the neighborhood assignment φ deﬁned by φ(x) =⋃{Uβ : β  αx} for each x ∈ X . Thus φ is a linear neighborhood assignment of X . We will ﬁrst prove a claim.
Claim. Let E ⊆ X be a closed subset of X and let i ∈ N. If U has no subfamily U1 of cardinality < κ such that E ∩ Xi ⊆⋃U1 , then
there is a closed subset F of X such that F ⊆ E \ Xi and U has no subfamily U2 of cardinality < κ such that F ⊆⋃U2 .
Proof of Claim. The set E ∩ Xi is a closed subspace of subspace Xi , thus E ∩ Xi is a linear SDCL-space. Thus there is a strong
DC-like subspace D of subspace E ∩ Xi such that E ∩ Xi ⊆⋃{φ(x): x ∈ D}. Let s be the stationary winning strategy of player
one in G(DC, D), such that s(M) ∈ DC and s(M) is a closed subspace of E ∩ Xi for any closed subspace M of subspace D .
Suppose for any closed subspace M of subspace D , there is a subfamily U ′ ⊆ U of cardinality < κ , such that
s(M) ⊆ ⋃U ′ . Then we will get a decreasing sequence {Mn: n ∈ ω} of closed subsets of subspace D such that M0 = D
and (M0, s(M0), . . . ,Mn, s(Mn), . . .) is a play of G(DC, D), where s(Mn) is a closed subset of subspace Xi ∩ E and also there
is a subfamily Un ⊆ U such that |Un| < κ and s(Mn) ⊆⋃Un and Mn+1 = Mn \⋃Un . The strategy s is a stationary winning
strategy of player one in G(DC, D), thus
⋂{Mn: n ∈ ω} = ∅ and hence D ⊆⋃{⋃Un: n ∈ ω}. If V =⋃{Un: n ∈ ω}, then
V ⊆ U and |V| < κ such that D ⊆⋃V . Thus there is some α < κ such that D ⊆⋃{Uβ : β < α}. For any x ∈ D , there is
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a contradiction.
Thus there is some closed subspace M of subspace D such that s(M) cannot be covered by any subfamily U1 of U and
|U1| < κ . Let s(M) =⋃FM , so s(M) is a closed subspace of Xi ∩ E and s(M) ∈ DC. Thus FM is a discrete family of compact
sets of subspace Xi ∩ E . Let F = {x: x ∈ X such that FM is not locally ﬁnite at x}. By Lemma 10, we know that F is a closed
subset of E such that F ⊆ E and F ∩ Xi = ∅. So F is a closed subset of X .
We claim that F cannot be covered by any subfamily V ⊆ U of cardinality < κ such that F ⊆⋃V . Suppose there is some
V1 ⊆ U such that |V1| < κ and F ⊆⋃V1. So {P \⋃V1: P ∈FM} is a discrete family of X . Thus |{P \⋃V1: P ∈FM}| < ω
by the countably compact property of X . So s(M) can be covered by a subfamily V1 of U such that |V1| < κ which is
a contradiction.
Thus there is a closed subset F of X such that F ⊆ E \ Xi and F cannot be covered by any subfamily U1 of U such that
|U1| < κ . So we have proved Claim. 
Since X =⋃{Xi: i ∈ N}, there exists some i ∈ N such that Xi cannot be covered by any subfamily Ui of U such that
|Ui| < κ .
Let i0 = min{i: Xi cannot be covered by any subfamily Ui of U such that |Ui | < κ}.
Then there exists a subfamily V0 ⊆ U such that |V0| < κ and ⋃{Xi: i < i0} ⊆⋃V0. If F0 = X \⋃V0 then F0 ∩ Xi0 	= ∅
and F0 ∩ Xi0 cannot be covered by any subfamily U ′ of U of cardinality < κ . By Claim, we have a closed subset F1 of X
such that F1 ⊆ F0 and F1 ∩ Xi0 = ∅ and F1 cannot be covered by any subfamily of U of cardinality < κ .
Suppose we have an increasing ﬁnite sequence {i0, i1, . . . , im−1} ⊆ N and a decreasing ﬁnite sequence {F0, F1, . . . , Fm}
of closed subsets of X , such that Fn cannot be covered by any subfamily of U of cardinality < κ and Fn ∩ Xi = ∅ for
each i  in−1 and n m. Thus Fm =⋃{Fm ∩ Xi: i > im−1}. Let im = min{i: Fm ∩ Xi cannot be covered by any subfamily
of U of cardinality < κ}. Thus im > im−1. Let Vm ⊆ U such that |Vm| < κ and ⋃{Fm ∩ Xi: im−1 < i < im} ⊆ ⋃Vm . So
Fm ∩ Xim \
⋃Vm 	= ∅. If Fm \⋃Vm = F ∗m then F ∗m ⊆ Fm and F ∗m ∩ Xi = ∅ for each im−1  i < im . The set F ∗m ∩ Xim cannot
be covered by any subfamily of U of cardinality < κ . Thus by Claim, there exists a closed subset Fm+1 of X such that
Fm+1 ⊆ F ∗m ⊆ Fm and Fm+1 cannot be covered by any subfamily of U of cardinality < κ and Fm+1 ∩ Xim = ∅. Thus for
each i  im we have Fm+1 ∩ Xi = ∅. By induction, we have an increasing sequence {im: m ∈ ω} ⊆ N and a decreasing
sequence {Fm: m ∈ ω} of closed subsets of X such that Fm+1 ∩ Xi = ∅ for each i  im . Since X =⋃{Xi: i ∈ N}, we have⋂{Fm: m ∈ ω} = ∅. This is a contradiction with the fact that X is countably compact.
So X is a linearly Lindelöf space and hence we have proved that X is compact. 
Let us recall that a space X is scattered if for any non-empty subspace B of X has an isolated point. If X is scattered
and B ⊆ X , then we let B(0) = B and B(1) = B∗ = {x: x is not an isolated point of subspace B} and B(n+1) = B(n)∗ . If there
is some n ∈ N such that X (n) = ∅, then the space X is said to have a ﬁnite rank. A regular space X is a C-scattered space,
if for any non-empty closed subset F of X , there is a point x with a compact neighborhood contained in F (cf. [23]). We
know that if X is a scattered space with ﬁnite rank, then X is a DC-like space.
Lemma 13. (See [24].) If X is a regular subparacompact C-scattered space, then X is a DC-like space.
Corollary 14. If X is a countably compact space and X =⋃{Xn: n ∈ N}, where for any linear neighborhood assignment φn of Xn,
there exists a closed subparacompact C-scattered subspace Dn of subspace Xn such that Xn =⋃{φ(d): d ∈ Dn} for each n ∈ N, then
X is a compact space.
Corollary 15. If X is a countably compact space and X =⋃{Xn: n ∈ N}, where for any linear neighborhood assignment φn of Xn,
there exists a closed scattered subspace Dn of subspace Xn with ﬁnite rank such that Xn =⋃{φ(d): d ∈ Dn} for each n ∈ N, then X is
a compact space.
Corollary 16. If X is a countably compact space and X =⋃{Xn: n ∈ N}, where Xn is a linear D-space (D-space) for each n ∈ N, then
X is a compact space.
Let LD denote the class of all linear D-spaces.
Theorem 17. If X is a LD-like space, then X is a linear D-space.
Proof. Let φ be any linear neighborhood assignment on X . Let F0 = X and let s be the stationary winning strategy of
player one in G(LD, X). There is a closed discrete subspace D0 ⊆ s(F0) such that s(F0) ⊆⋃{φ(d): d ∈ D0}. We assume that
(F0, s(F0), F1, s(F1), . . . , Fn, s(Fn)) is an admissible sequence of G(LD, X). Let Fn+1 ∈ 2X and Fn+1 ⊆ Fn and Fn+1∩ s(Fn) = ∅.
Since s(Fn+1) ∈ LD, there is a closed discrete subspace Dn+1 ⊆ s(Fn+1) such that s(Fn+1) ⊆⋃{φ(d): d ∈ Dn+1}.
Thus we have a play (F0, s(F0), . . . , Fn, s(Fn), . . .) of G(LD, X). So
⋂{Fn: n ∈ ω} = ∅ and hence X = ⋃{φ(d): d ∈⋃{Dn: n ∈ ω}}. We see that D =⋃{Dn: n ∈ ω} is a closed discrete subspace of X . Thus X is a linear D-space. 
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Corollary 18. If X =⋃{Xn: n ∈ N} and Xn is closed in X and Xn is a linear D-space, then X is a linear D-space.
2.2. On dually discrete spaces
A linearly ordered topological space Y = 〈Y , λ,Y 〉 is said to be a linearly ordered extension of a GO space X =
〈X, τ ,X 〉 if X ⊆ Y such that τ = λ|X and X = Y |X . Furthermore if X is closed in the space 〈Y , λ〉, then Y is said
to be a linearly ordered c-extension of X (cf. [18]). Let X = 〈X, τ ,〉 be a GO space and λ the usual order topology on X .
Deﬁne a subset X∗ = 〈X, τ ,〉∗ of X × Z by
X∗ = X × {0} ∪ {〈x,n〉: x ∈ X and [x,→) ∈ τ − λ and n < 0}∪ {〈x,m〉: x ∈ X and (←, x] ∈ τ − λ and m > 0}
(cf. [16]).
Then X∗ can be considered as a linearly order c-extension of X by identifying X = X × {0} (cf. [18]). So we have the
following proposition.
Proposition 19. Every GO space X has a linearly ordered c-extension.
Proposition 20. Let Y be a space and let X be a closed subspace of Y . If Y is dually discrete, then X is dually discrete.
Corollary 21. If any linearly ordered topological space is dually discrete, then every GO space is dually discrete.
A subset U of a linearly ordered topological space X is order-convex, if for any a,b ∈ U and a < b then (a,b) ⊆ U , where
(a,b) = {x: a < x< b}.
Lemma 22. Assume that X is a linearly ordered topological space and F is a closed subspace of X such that x0 ∈ F . If φ is a neighbor-
hood assignment on X such that φ(x) is order-convex for each x ∈ X, then there exists a discrete subspace D ⊆ F such that x0 ∈ D and
for each y ∈ F \⋃{φ(d): d ∈ D} such that φ(y) ∩ D = ∅.
Proof. We let D0 = {x0} and n ∈ N . Assume we have a discrete subspace Di of X for each i < n, satisfying the following
conditions:
(1)
⋃{D j: j  i} is a discrete subspace of X ;
(2) Di ⊆ F \⋃{φ(d): d ∈⋃{D j: j < i}} and ⋃{φ(d): d ∈⋃{D j: j < i}} is order-convex;
(3) If y ∈ F \⋃{φ(d): d ∈⋃{D j: j  i − 1}} and φ(y) ∩ Di−1 	= ∅, then y ∈⋃{φ(d): d ∈ Di};
(4) If Dn−1 has no maximal (or minimal) element, then sup Dn−1 (or inf Dn−1) does not exist.
By assumption,
⋃{Di: i < n} is a discrete subspace of X . Let Un−1 =⋃{φ(d): d ∈⋃{Di: i < n}}. If for any y ∈ F \ Un−1
such that φ(y)∩ Dn−1 = ∅, then we let D =⋃{Di: 0 i < n}. So we assume that there exists some yn ∈ F \Un−1 such that
φ(yn) ∩ Dn−1 	= ∅. Let Fn = F \ Un−1.
Let
F+n = {x: x ∈ Fn and x> y for any y ∈ Un−1},
F−n = {x: x ∈ Fn and x< y for any y ∈ Un−1}.
Let
E+n =
{
x: x ∈ F+n and φ(x) ∩ Dn−1 	= ∅
}
,
E−n =
{
x: x ∈ F−n and φ(x) ∩ Dn−1 	= ∅
}
.
By the condition (4), we know that if Dn−1 has no maximal element, then sup Dn−1 does not exist. So for any x ∈ E+n
we have x /∈ Dn−1.
If d+n = max E+n exists then let D+n = {d+n }.
Now, if max E+n does not exist then we can choose a regular cardinal κ such that a set Z = {zα: α ∈ κ} ⊆ E+n is coﬁnal
in E+n . It is easy to see that we can assume that the set Z is discrete and zα < zβ whenever α < β < κ . Let us show how to
construct the set Dn .
(i) If sup Z = zκ exists, then there is some αn ∈ κ , such that zαn ∈ φ(zκ ). Then we let D+n = {zαn , zκ }. Thus E+n ⊆ φ(zαn )∪
φ(zκ ). Since φ(zαn ) ∩ φ(zκ ) 	= ∅, the set φ(zαn ) ∪ φ(zκ ) is order-convex.
(ii) If sup Z does not exist and there exists some β ∈ κ such that {zα: α ∈ κ} ⊆ φ(zβ), then we let D+n = {zβ} and hence
E+n ⊆ φ(zβ).
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α1,α2 ∈ κ , we have φ(zα1 ) ∩ φ(zα2 ) 	= ∅. So we have that
⋃{φ(zα): α ∈ κ} is order-convex.
Similarly, we can get D−n which has the property analogous to D+n . We let Dn = D+n ∪ D−n . The sets
⋃{φ(d): d ∈ D+n }
and
⋃{φ(d): d ∈ D−n } are order-convex. Since
(⋃{
φ(d): d ∈ D+n
})∩
(⋃{
φ(d): d ∈
⋃
{Di: i  n − 1}
})
	= ∅
and
(⋃{
φ(d): d ∈ D−n
})∩
(⋃{
φ(d): d ∈
⋃
{Di: i  n − 1}
})
	= ∅,
and
⋃{φ(d): d ∈⋃{Di: i  n − 1}} is order-convex, the set ⋃{φ(d): d ∈⋃{Di: i  n}} is order-convex.
Let d ∈ Dn . The minimal element of D+n and the maximal element of D−n does not belong to the closure of Dn−1, so
d /∈ Dn−1. Besides d ∈ F \ Un−1, so φ(d) ∩ (⋃{Dm: m n − 2}) = ∅. So d /∈⋃{Dm: m n − 1}.
For each y ∈ F \⋃{φ(d): d ∈ ⋃{Dm: m  n}} if φ(y) ∩ Dn−1 	= ∅ then y ∈ ⋃{φ(d): d ∈ Dn}. And also if Dn has no
maximal (or minimal) element, then sup Dn (or inf Dn) does not exist.
So we can get a sequence {Dn: n ∈ ω} of discrete subspaces, which satisﬁes the conditions (1)–(4). We let D =⋃{Dn: n ∈ ω}. For each d ∈ D , there is some n ∈ ω such that d ∈ Dn . So d /∈⋃{Dm: m < n}. Let Vd be an open neighborhood
of d such that Vd ∩Dn = {d}. If Ud = φ(d)∩ Vd ∩ (X \⋃{Dm: m < n}), then Ud ∩D = {d}. Let y ∈ F \⋃{φ(d): d ∈ D}. Suppose
φ(y) ∩ D 	= ∅, then φ(y) ∩ Dn 	= ∅ for some n ∈ N . Thus y ∈⋃{φ(d): d ∈ Dn+1} which is a contradiction. So φ(y) ∩ D = ∅.
Then we have proved that D is a discrete subspace such that D ⊆ F and x0 ∈ D and for each y ∈ F \⋃{φ(d): d ∈ D}
such that φ(y) ∩ D = ∅. 
Theorem 23. If X is a linearly ordered topological space, then X is dually discrete.
Proof. Let φ be a neighborhood assignment on X , we may assume that φ(x) is order-convex for each x ∈ X . We also
assume X = {xα: α ∈ Λ}. By Lemma 22, there is a discrete subspace D0 ⊆ X such that x0 ∈ D0 and φ(y) ∩ D0 = ∅ for each
y ∈ X \⋃{φ(d): d ∈ D0}.
Let α ∈ Λ. Assume we have a discrete subspace Dβ for each β < α, such that xγ ∈⋃{φ(d): d ∈⋃{Dβ : β < α}} for each
γ < α and φ(y) ∩ (⋃{Dγ : γ  β}) = ∅ for each y ∈ X \⋃{φ(d): d ∈⋃{Dγ : γ  β}}.
If xα ∈⋃{φ(d): d ∈⋃{Dβ : β < α}}, then we let Dα = ∅. So we assume that xα /∈⋃{φ(d): d ∈⋃{Dβ : β < α}}. We
let Fα = X \ ⋃{φ(d): d ∈ ⋃{Dβ : β < α}}, so xα ∈ Fα . By Lemma 22, there is a discrete subspace Dα ⊆ Fα such that
xα ∈ Dα and φ(y) ∩ Dα = ∅ for any y ∈ Fα \⋃{φ(d): d ∈ Dα}. By induction, we have φ(y) ∩ (⋃{Dβ : β  α}) = ∅ for each
y ∈ X \⋃{φ(d): d ∈⋃{Dβ : β  α}}.
So for each α ∈ Λ, we have a discrete subspace Dα such that Dα has the property which we have stated.
If D =⋃{Dα: α ∈ Λ} then X =⋃{φ(d): d ∈ D}.
For each d ∈ D , there is some α ∈ Λ such that d ∈ Dα . Thus φ(d) ∩ Dβ = ∅ for each β > α. Since d ∈ Dα ⊂ Fα =
X \⋃{φ(d): d ∈⋃{Dβ : β < α}}, we have φ(d) ∩ (⋃{Dβ : β < α}) = ∅. The set Dα is a discrete subspace of X , so there is
an open set Vd such that d ∈ Vd and Vd ∩ Dα = {d}. If Ud = Vd ∩ φ(d) then Ud ∩ D = {d}. So D is a discrete subspace and
hence X is dually discrete. 
By Corollary 21 and Theorem 23, we have the following theorem.
Theorem 24. If X is a GO space, then X is dually discrete.
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